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Abst rac t - -We show how theoretical nalysis and experimental investigation complement each 
other in the study of the dynamics of slender vortex filaments. The asymptotic solution of a single 
filament requires the initial data of the shape of the centerline and the core structure. The latter is 
usually not available from experimental data. When the viscous diffusion time td of the core is of the 
order of the duration t* of the experiment, we can define the contribution ofthe core structure to the 
filament velocity by a finite number of parameters, which can then be determined by comparing the 
theoretical predictions ofthe motion of the centerline with the experimental data. These parameters, 
in turn, calibrate the single vortex generator in the experimental set up by defining the moments 
of the initial core structure. In the inviscid limit, where t* << td, we derive the formulas for the 
contributions of the the core structure to the filament velocity and show that they depend only on 
two initial data. The analytical solution can then be used to model the interaction of filaments with 
or without boundaries or interfaces, and compare with the experimental data. 
Keywords--Asymptot ics,  Vortex filament dynamics, Viscous diffusion. 
1. INTRODUCTION 
It is well known that  the velocity of a slender vortex filament depends on its core structure and 
is not defined in the limit of zero core size [1]. The temporal variation of the core structure 
is induced by viscous stresses and the stretching of the filament length S(t).  Because of the 
fi lament stretching, the core structure variation is coupled with the velocity of the filament(s). A
comprehensive account of the asymptotic theory for incompressible slender vortices with diffusive 
cores was given recently by Ting and Klein [2], where the analysis of Callegari and T ing [3] for a 
fi lament with both large swirling velocity and axial velocity is treated in detail. The distr ibut ion 
of these two velocities is called the core structure. 
For the dynamics of slender vortex filaments, the problem is characterized essentially by two 
small parameters. One is the slenderness ratio c = 6*/g, which is the ratio of an effective vortical 
size 6" to a typical length scale g for the "outer" flow field. The second small parameter is 1/v/-R--e 
where Re = Ug/~ >> 1 is the large Reynolds number of the outer flow field with kinematic 
viscosity v and typical velocity scale U. Then t /U  shall be referred to as the inviscid t ime 
scale t*. In the asymptotic analysis [2], we balance the dominant effects of fi lament stretching 
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and viscous diffusion on the core structure, by setting 
1 
4-G - (1) 
This says that there is a constant K such that 1 /v ' -~ < Kc as ~ ---* 0. To apply the asymptotic 
solution to an engineering problem or an experimental simulation of a slender filament in a nearly 
inviscid flow field, for which e << 1 and Re >> 1 are given, we let K = 1/(evrR-e). Its value can be 
small (including zero) or be large provided that Ke << 1. The constant g 2 measures the effect 
of viscous diffusion on the core structure variation relative to that of filament stretching. Let 
td : ((~*)2//] denote a typical viscous time scale over which the effective core size changes by a 
finite percentage. Then K 2 is the ratio of the inviscid time scale to the viscous time scale, 
~2u t* 
K 2 = = --.  (2) 
(~2U~ /;d 
In an experiment, ~could be the size of the test section and t* the duration of the test. 
When K << 1, the variation of the core structure is dominated by the inviscid stretching effect 
for a finite duration in the normal time scale t* -- g/U and the asymptotic solution reduces to 
that of the inviscid limit. For an ideal case where the filament with circulation F is a vortex 
line at t = 0, i.e., the filament is created at t = 0 with zero core radius, the core structure 
variation is dominated by the viscous effect in the early stage, with/;d << t*, i.e., K >> 1 and the 
core structure is given by similarity solutions for the leading circumferential nd axial velocities. 
However, a vortex filament appearing in a real problem or generated in the laboratory begins 
with a finite core size. Although the determination of the initial shape of the centerline from 
the side and top views of the filament is a straight forward problem in geometry, good resolution 
of the core structure is not available. Because of this missing initial data, we will not be able 
to construct he corresponding asymptotic solution and compare the theoretical prediction with 
the experimental data. It is the purpose of this letter to show how the theoretical analysis and 
experimental investigation can complement each other to resolve this impasse. 
To show the impasse explicitly, we give a brief account of the asymptotic theory of slender 
filament dynamics and list the system of equations coupling the velocity of a filament centerline 
with the evolution of the core structure and the initial data needed for the system, see [2]. We 
then outline the analyses in Sections 2, 3 and 4 for the resolution of the impasse and end Section 1 
with the the conclusions of this letter stated in Remarks 1-5. 
For a slender filament, we denote its centerline C by the vector function X(t, s) where s stands 
for the arc length at t = 0. In the neighborhood ofC, we introduce the coordinate system moving 
with g, 
x = X(t,s) +r~, with ~ = f~cos¢ + bsin¢, (3) 
where r denotes the distance from x to C and ~, ~ and/~ denote the unit tangent, normal and 
binormal vectors of C at X. We introduce the radial, circumferential nd axial components 
(u, v, w) of the relative velocity, 
v(t,  x) = X + u÷ + + (4) 
We have suppressed the dependence of the variables on e and shall use the same symbol to denote 
the corresponding leading order term in the power series expansion in e. From here on, we omit the 
words "leading order" unless needed for emphasis. Following Callegari and Ting [3], we consider 
a slender filament with both large circumferential nd axial velocity components, v -- O(~ -1) 
and w = O(c -1) in the core structure while u -- O(1). For the core structure, we introduce the 
stretched radial variable ~ -- r/e and find that the leading order velocity components v and w 
are axisymmetric with respect o the centerline C. When we assume that v is independent of the 
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parameter s of C, we find that w has to be independent of s. That is to say that the core structure 
depends only on t and ~. For the case that the centerline C is a simple closed curve of finite length 
S(t) with initial length So = O(g), all physical variables have to be periodic functions of s with 
period So, 
X(t, s + So) = X(t, s), and f(t, i ~, ¢, s + So) = f(t, ~, ¢, s), (5) 
where f stands for p, u, v, etc. The length of the filament is defined by the integral, 
~0 S° S(t) = IX~(t, s)l ds. (6) 
We now quote from [2] the equations for the evolution of the axial velocity w and vorticity ¢ 
in the core, 
¢~ = [~¢~]~ + 2~ ' 
(Ta) 
(7b) 
while the circumferential velocity v is related to the axial vorticity by 
~0 ~ ~v = z4(t, z) dz. (7c) 
The terms involving the constant K 2 in (7a) and (7b) denote the viscous diffusion effect while 
the terms involving the factor SIS denote the inviscid stretching effect. By matching the inner 
solution of the core structure with the outer solution, the singular terms in the latter are removed 
and in the process the velocity X is defined. Its tangential, normal and binormal components are 
X.~=0,  X .~- -Q0.~,  (1) ] 
X' /~=O0" /~+ ~ In +C~(t)+C~(t) ,
(8a) 
(8b) 
where C. and C~ denote the global contributions of the core structure, 
(47~2~oorf'v2df'- lnf)+ 1, (8c) c.(t)  = ~im \ r2 
C~(t )  - -8~2 ~' w 2 F2 dr' . (8d) 
In (8a) and (8b), t~ denotes the curvature of C, and Q0 denotes the finite part of the velocity at X 
given by the outer solution, i.e., the background velocity without the filament plus the finite part 
of the velocity induced by the vortex line along C with strength F. 
We note that the solution of the system of equations (6) to (8d) needs the initial shape of C, 
Xo(s), s E [0, So], and the initial axial vorticity and velocity profiles, C0(f) and w0(f), which are 
axisymmetric and decay exponentially in f. From (8c) and (Sd), we have the following. 
REMARK 1. The global contribution of the swirling flow in Cv tends to increase the binormal 
velocity of the filament while the contribution C~ of the axial flow tends to decrease the binormal 
velocity. 
In Section 2, we separate the global contribution Cv(t) of the large swirling velocity v to the 
filament velocity into two parts, one from the viscous diffusion and one from the stretching of the 
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filament centerline. Likewise, we separate the contribution Cw(t) due to the large axial velocity w. 
We show the following. 
REMARK 2. The viscous effect tends to decrease Cv and -Cw. An increment in the filament 
length tends to increase Cv but decrease -C~.  
In Section 3, we introduce new time and radial variables, ~ and ~ so that the solution of the 
core structure can be represented by a series solution of the simple heat conduction equation in 
powers of ;0/(q0 + q), uncoupled from the dynamics of the centerline. With the new time variable 
---- 0 at t = 0, an optimum value ~0 is defined for the axial vorticity and another one for the axial 
velocity [2]. The leading term in the series solution is a similarity solution with age ~0 at t -- 0. 
We can approximate the power series by a finite series of the first N terms. For the same degree 
of accuracy, the number N decreases as ; and/or K increase. Thus, we have the following. 
REMARK 3. The core structure will approach that of a similarity solution (N = 1) over a 
few viscous diffusion time scales td. When K is large, say K > 2, the core structure can be 
approximated by a similarity solution with an optimum age ~0 for the swirling flow and one for 
the axial flow. But in the inviscid limit where K --+ 0, there is no reason to assume that the core 
structure is similar because the initial profile may not be similar. 
The age g0, and the coefficients in the finite series for the axial vorticity (velocity) are related to 
the moments of the initial profile. Without the initial profile, we consider g0 and the coefficients 
in the finite series as the unknown parameters defining the contributions C~(t) and Cw(t) to the 
filament velocity. Thus, we arrive at the assertion made in the abstract. 
REMARK 4. For a single filament with a not too small K,  say K > 1, the experimental data for 
its centerline at several instants can be employed to determine the finite number of parameters 
defining the asymptotic solution. These parameters in turn calibrate the single vortex generator 
in the experimental setup by defining the moments of the initial core structure. 
In Section 4, we consider the inviscid limit, K -+ 0. We make use of the fact that the core 
structure variation is induced by the stretching effect alone and show the following (see Remark 5). 
REMARK 5. In the inviscid limit, the contributions C~(t) and C~(t) of the circumferential nd 
axial core structure to the filament velocity are defined by their initial values, C. (0) and Cw (0), 
which can be deduced from the experimental data on the centerline at two subsequent instants. 
2. DEPENDENCE OF THE F ILAMENT 
VELOCITY  ON CORE STRUCTURE 
To find the dependence of C~o(t) on t and the initial axial velocity w0(~), we multiply (Ta) by 
~w to get ~wwt = K2w(~we)e + (~4w/2)(w/f2)e(S/S) and then evaluate Cw from (8d), 
cw( t )  - 
16 2 [K2 fo z(w )2dz + 3' ] F 2 2S Jo zw2dz " 
(9) 
To find the dependence of C,(t) on t and the initial circumferential velocity, we use (7b) 
and (7c) to obtain Fvt = K2~e + (S/2S)/:2¢ and then evaluate Cv from (8c), 
C.(t) = 8~r2 ~ 87r2K2 fo~ S(t) v(zvt) dz - F2 z¢ 2 dz + 2S(t--'-)" (10) 
Equations (9) and (10) result in Remark 2 in Section 1. 
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3. THE CORE STRUCTURE 
To construct he solution of the core structure, we convert (7a) for w(t, ~) to the standard 
axisymmetric two-dimensional heat conduction equation, 
[o, 0 (II) 
by changing the independent variables t and ~ to, 
s(t ' )  dr' 
So ' (12) 
and setting 
IS(t)]  w(t,~) with X(0,~) = w0(~), 
x(~,~) = L So J 
since ~ ---- ~ at t = 0. Likewise, we convert (7b) for ~ to (11) by setting 
(13) 
E s° ] with X(0, ~) = ¢0(~). (14) 
Note that (11) and the initial data for X in (13) and (14), and hence, the solutions wS/So and 
~So/S are independent of S(t)/So. The solution of (11) can be expressed as an integral of the 
initial data X(0,~) [4]. Here X(0,~) decays exponentially in ~, therefore, the solution can be 
expressed as a descending power series in (~ + c0) with a ¢0 > 0, 
e-n2 cnL,~(rl 2) + 0 (15) 
x(: ,  ¢) - : + ¢0 [~-7-~0 j ~ ' 
where ~ = ~/(2K~f~-+-~ ) = ~ / [ 2 K ~  ]. The series solution can be approximated 
by the sum of its first N terms if the remainder is O(e) because O(e) terms have been omitted 
in the asymptotic solution. The coefficients c~ are determined by the initial data, 
~0 °° (16) 
where L~(A), n = 0 ,1 , . . . ,  are the Laguerre polynomials. Therefore, cn are defined by the 
moments of the initial profile X(0, ~). In particular, co = (X>/4~rK 2 is independent of ¢0. Here 
(X) = 27r fo  X~ d~ is the total strength or the zero  th moment of X and is time invariant. 
An optimum choice of the "time shift" ¢0 in (15) was introduced by Kleinstein and Ting [5] to 
eliminate the coefficient c:, in the series. Thus, the leading term (n = 0), known as the similarity 
solution, becomes an optimum approximation to X for large t or (% + q) with an error of (% + q) 
to the -3  power instead of -2.  The condition c: = 0 also insures that the leading term yields 
the correct polar moment of X, for all t > 0. 
Using (13) in (15) and (16), we get the series solution for [S(t)/So]w(t, f). The first coefficient 
of w is co = [So/(4~rK2)]mo, where m0 is the scaled initial axial mass flux. The solution in (¢, ~) 
is independent of S/So. Likewise, using (14), we get the series solution [S0/S(t)]¢(t, ~), with 
co -- F/(47rK2). Note that the optimum "time shifts" qo for these two solutions do not have to 
be the same because they are uncoupled from each other and from the dynamics of the filament 
centerline. The coupling reappears when the variables (q, ~) are transformed back to the physical 
variables (t, ~) [2]. 
If the filament begins as a vortex line with strength 0(1) and axial mass flux O(e) and the 
moments of the core structure for n >_ 1 vanish at t -= O, the exact solution of (11) yields the 
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s imi lar i ty solutions for wS/So  and ~So/S. We can get the same result heurist ical ly from (15) 
with ¢0 = 0 and ~ > 0. Thus we arrive at Remark 3 in Section 1. 
In case the inviscid t ime scale or the exper imental  t ime scale is comparable to the diffusion 
t ime scale, say K = td/ t* l l ,  the infinite series in (15) for the core structure can be approx imated 
by the first N terms for the durat ion of the experiment.  The number N can be relat ively small  
because the approximat ion eeds to be only as accurate as that  of the exper imental  data.  Thus, 
we have Remark  4 in Section 1. 
4. THE INV ISC ID  L IM IT ,  K --* 0 
In this case, the viscous diffusion of core structure is negligible for the durat ion of the experi-  
ment, (11) becomes X~ = 0, and hence, X(¢,~) = X(~) where ~ = ~/So .  Using (13) in (8d), 
we get 
= [ So 
Ls-~j c~,(o). (17) 
Using (14) and (10), we get 
cv(t) = cv(0) + In V 
Equat ions (17) and (18) result in Remark 5 in Section 1. 
(18) 
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